Introduction
Since the great experiments were carried out by Dr. Percy Spencer in 1946, microwave heating has been used widely in food industry, medicine, chemical engineering and so on [1] [2] [3] [4] [5] , for processing many materials ranging from foodstuffs [1] [6] [7] [8] to tobaccos [9] [10] [11] , from wood [12] [13] [14] to ceramics [15] [16] [17] [18] , and from biological objects [19] [20] to chemical reactions [21] [22] [23] . Typical applications include heating and thawing of foods, drying of wood and tobaccos, sintering of ceramics, killing of cancer cells and accelerating of chemical reactions. Microwaves are electromagnetic (EM) waves with frequencies between 300MHz and 300GHz. Under microwave radiation, dipole rotation occurs in dielectric materials containing polar molecules having an electrical dipole moment. Interactions between the dipole and the EM field result in energy in the form of EM radiation being converted to heat energy in the materials. This is the principle of microwave heating. For each material, permittivity, or dielectric constant, ε is the most essential property relative to the absorption of microwave energy. Permittivity is often treated as a complex number. The real part is a measure of the stored microwave energy within the material, and the imaginary part is a measure of the dissipation (or loss) of microwave energy within the material. The complex permittivity is usually a complicated function of microwave frequency and temperature. Compared with conventional heating, microwave heating has many advantages such as simultaneous heating of a material in its whole volume, higher temperature homogeneity, and shorter processing time. However, the nonlinear process of interaction between microwave and the heated materials has not been sufficiently and deeply understood. Some phenomena arising from this process, such as hotspots and thermal runaway, decreases the security and efficiency of microwave energy application and prevents its further development. Hotspot means that where temperature non-uniformity in heated material of local small areas having high temperature increase occurs. For example, some zones in material are overheated, and even burned, while some others have not reached the required minimum temperature. This phenomenon has become one of the major drawbacks for domestic or industrial applications. "Thermal runaway" refers to temperature varies dramatically with small changes of geometrical sizes of the heated material or microwave power. It may lead to a positive feedback occurring in the material -the warmer areas are better able to accept more energy than the colder areas. It is potentially dangerous, especially when the heat exchange between the hot spots and the rest of the material is slow. This phenomenon occurs in some ceramics. These existing problems related to temperature distribution inside materials must be considered. Although experimental studies and qualitative theoretical analysis are important, numerical simulations are indispensable for helping us further the understanding of the complex microwave heating process, predict and control its behaviors. Thanks to rapid hardware and software development of numerical calculation techniques, it has been possible to simulate the microwave heating process on a personal computer. As a result, fully empirical design of heating system and expensive prototype equipment for testing can be avoided. Numerical simulation of microwave heating process is basically an analysis of multiphysical coupling, so at least two kinds of partial differential equations (PDE) are associated together, the EM field equations (i.e. Maxwell's equation) and the heat transport equation. To describe their interaction relationship, the inhomogeneous term of the heat transport equation representing the heating source is provided by microwave dissipated power; meanwhile, the temperature variation during the heating process can cause the change of complex permittivity, which directly affects the space and time variation of the EM field. Sometimes, more kinds of differential equations may need to be joined, for example, the mass transfer equation may be required when drying the porous materials. To obtain accurate solution of the above coupled equations, analytical methods are hardly to be used. There are many numerical methods being used to simulate microwave heating. The popular methods include Finite Difference (FD) methods (e.g. Finite Differential Time Domain / FDTD method), Finite Element Method (FEM), the Moment of Method (MoM), Transmission Line Matrix (TLM) method, Finite-Volume Time-Domain (FVTD) method and so on. In this chapter, we first review all kinds of application backgrounds of numerical simulation of microwave heating process, and then discuss the two most important techniquesnumerical modeling and numerical methods. Finally we conclude and outline some desirable future developments.
Application backgrounds
According to the statistics of the open publications related to numerical simulation of microwave heating, we find that so many kinds of objects, from common substances such as water [24] [25 [26] , food [27] [25] , have been investigated. Water strongly absorbs microwaves, so usually microwave heating works by heating the water in foods in food industry. Furthermore, water is such an important substance whose permittivity shows clear relationship with temperature, that it is natural to regard it as the most typical object in microwave heating and a benchmark example when comparing the results of different numerical methods. At the frequency of 2.45 GHz, the curves plotted on Fig. 1 show the complex permittivity of water varying with temperature. When microwave energy being used to dry wood from the green state, some benefits can be offered, such as moisture leveling and increased vapor migration from the interior to the surface of the wood. Perré, et al., [31] combined a two-dimensional transfer code with a three-dimensional EM computational scheme, obtained the overall behavior of combined microwave and convective drying of heartwood spruce remarkably well and predicted the occurrence of thermal runaway within the material. To provide a detailed algorithm for simulating the nonlinear process of microwave heating, Zhao, et al., [32] presented a threedimensional computational model for the microwave heating of wood with low moisture contents. The model coupled a FVTD algorithm for resolving Maxwell's equations, together with an algorithm for determining the thermal distribution within the wood sample. Hansson, et al., [33] used FEM as a tool to analyze microwave scattering in wood. They used a medical computed tomography scanner to measure distribution of density and moisture content in a piece of Scots pine, calculated dielectric properties from measured values for cross sections from the piece and used in the model. Hansson and his colleagues also studied moisture redistribution in wood during microwave heating process [34] . Rattanadecho [35] used a three dimensional FD scheme to determine EM fields and obtained temperature profiles of wood in a rectangular wave guide. Temperature dependence of wood dielectric properties was simulated by updating dielectric properties in each time step of temperature variation. The influence of irradiation times, working frequencies and sample size were illustrated. To take into consideration of the influence of moisture diffusion during microwave heating of moist wood, Brodie [36] derived of the PDE, which described simultaneous heat and moisture diffusion, yielded two independent values for the combined heat and moisture diffusion coefficient. Microwave sintering of ceramic material has also been studied widely. It is a promising technique for the densification of ceramics. Compared to conventional heating, microwave sintering can obtain higher densities with a finer grain structure. Thermal runaway is a common phenomenon in microwave sintering. Numerical simulation may help to understand the mechanism of the thermal runaway, and then avoid it. Iskander, et al., [39] developed a FDTD code that was used to model some of the many factors that influence a realistic microwave sintering process in multimode cavities. The factors included the conductivity of the insulation surrounding the sample and the role of the Sic rods in www.intechopen.com modifying the EM field distribution pattern in the sample. Chatterjee, et al., [40] analyzed the microwave heating of ceramic materials by solving the equations for grain growth and porosity [54] during the late stages of sintering, coupled with the heat conduction equation and electric field equations for 1-D slabs. Gupta, et al., [41] analyzed the steady-state behavior of a ceramic slab under microwave heating by transverse magnetic illumination. They observed that for a certain set of parameters, there are periodically recurring ranges of slab thickness for which thermal runaway may be avoided. The runaway dependence on other parameters critical to the operation of the process was also studied. Riedel, et al., [42] modeled microwave sintering by the Maxwell's equation, the heat conduction equation and a sintering model describing the evolution of density and the grain size, so as to predict runaway instabilities and to find process parameters leading to a homogeneously sintered product with a uniform, fine grain structure. Liu, et al., [43] solved Maxwell's equations (by using FDTD) coupled with a heat transfer equation (by using FD), and obtained the temperature variation in a ceramic slab during microwave heating. Various ceramic parameters and applied microwave powers were simulated so as to analyze the condition under which thermal runaway is introduced. Furthermore, they presented a microwave power control method based on a single temperature threshold and dual applied microwave powers, which can improve microwave heating efficiency and controls thermal runaway. Although reports of the potential of microwave heating in chemical modification can be traced back to the 1950s, microwave heating began to gain wide acceptance with the publication of several papers in 1986 [55] . Presently, microwave has been widely used in various chemical domains from inorganic reaction to organic reaction, from medicine chemical industry to food chemical industry and from simple molecules to complex life process. However, most of studies on the mechanism of interaction between microwave and chemical reaction are only related with the experimental studies of some concrete reactions and qualitative theoretical analysis. The main reason is that the complex effective permittivities of many chemical reactions are still unknown. This fact brings difficulty to implement numerical simulation. Wang, et al., [50] presented a numerical model of microwave heating of a chemical reaction, used FDTD technology to solve Maxwell's equation, and the explicit FD scheme to solve heat equation. Huang, et al., [51] presented a numerical model to study the microwave heating on saponification reaction in test tube, where the reactant was considered as a mixture of dilute solution. They solved the coupled EM field equations, reaction equation (RE) and heat transport equation by using FDTD method, and employed dual-stage leapfrog scheme and method of time scaling factor to overcome the difficulty of long time calculation with FDTD. Yamada, et al., [52] simulated microwave plasmas inside a reactor for thick diamond syntheses. In a model reactor used in the simulation, a diamond substrate with finite thickness and area is taken into account. Distributions of electric field, density of microwave power absorbed by the plasma, temperatures and flow field of gas were studied not only in a bulk region inside a reactor but also a local region around the substrate surface. Numerical results implied that the adopted arrangement of the substrate is not desirable for continuous growth of large diamond crystals. Huang, et al., [53] studied the precise condition of thermal runaway in microwave heating on chemical reaction with a feedback control system. They derived the condition of thermal runaway according to the principle of the feedback control system, simulated the temperature rising rates for 4 different kinds of reaction systems placed in the waveguide and irradiated by microwave with different input powers, and discussed the www.intechopen.com relationship between the thermal runaway and the sensor's response time. Zhao, et al., [25] carried out preliminary study on numerical simulation of microwave heating process for chemical reaction. They considered calculation of 2D multi-physical coupling, solved the integral equation of EM field by using MoM, and the heat transport equation by using a semi-analysis method. Moreover, a method to determine the equivalent complex permittivity of reactant under the heating was presented in order to perform the calculation. The numerical results for water and a dummy chemical reaction showed some features of the hotspot and the thermal runaway phenomenon. Besides the above-mentioned typical applications of numerical simulation, there are more application cases used in other materials [56] 
Numerical simulation technology
In essence, numerical simulation of microwave heating process is an analysis of multiphysical coupling. The mathematic model consists of at least EM field equation (i.e. Maxwell's equation) and the heat transport equation. There is an interaction relationship between them (Fig. 1) . The inhomogeneous term of heat transport equation, i.e., the heating source is provided by microwave dissipated power. And meanwhile, the temperature variation during the heating process can cause the change of complex permittivity, which also affects the space and time variation of the EM field. Consequently, to perform the simulation, one must model the two equations together with their coupling relation at first, and then solve them by using some numerical methods. In some cases of more complex application scenarios, more kinds of differential equations may need to be joined, for example, the mass transfer equation may be required when drying the porous materials [62] [63] [64] .
As the key techniques, the numerical modeling and the numerical method will be discussed below. 
A. Numerical modeling
and
where ε is the dielectric constant (or electrical permittivity), μ the magnetic permeability and σ the electric conductivity. When there exists discontinuity of the parameters of medium ( ε , μ and σ ), e.g., at the surface of the medium, the boundary conditions are required to specify the behavior of EM field at the boundary. For example, at the boundary of a perfect conductor, boundary conditions are given as
where t E is the tangential component of E , n H the normal component of H . And the boundary conditions along the interface between two different dielectric materials are given as 12 
where m ρ , m C and t k denote material density, specific heat capacity and thermal conductivity, respectively.
(,,,) TT x y z t = is the absolute temperature , (,,,) PP x y z t = the EM power dissipated per unit volume. For simplicity in solving this equation, the parameters m ρ , m C and t k are usually taken as constants that are independent of position, time and temperature. According to Newton's law of cooling, the convective boundary condition at the material surfaces is used such as
and the adiabatic boundary condition as
where h is the convective heat transfer coefficient, T a the temperature of the surrounding air. Also, the initial condition is needed to determine the unique solution of (9), which can be given as 0 (,,,) (
Txy zt T xy z
In some cases, the heat radiation of the material can be considered by subtracting it from the right-hand side of (9)[65] [43] . Its ideal case is a blackbody radiation, which is described by the Stefan-Boltzmann law.
• Coupling relationship The inhomogeneous item P in (9) is determined by the EM power density that is dissipated in the nonmagnetic and nonconductive material due to its dielectric losses, and can be expressed by [24] 1 2
For the case of steady-state time harmonic EM fields, it yields 2 0 1 2
www.intechopen.com where ω is the angular frequency, 0 ε the vacuum permittivity, ε ′′ the imaginary part of the permittivity of the material, E the amplitudes of E .
On the other hand, the space and time variation of the temperature can change the ε , μ and σ of the material. For nonmagnetic and nonconductive material, we can only discuss ε .
It is well known that the response delay of the materials to external EM fields generally depends on the frequency of the field. For this reason permittivity is often treated as a complex function of the (angular) frequency ω . The complex permittivity () ε εω * * = is defined by 
And j is the imaginary unit, 
where ε ∞ is the permittivity at the high frequency limit, s ε is the static, low frequency permittivity, and τ is the relaxation time. The variation of temperature can affect the parameters of ε ∞ , s ε and τ , and consequently affect 
Particularly, for a chemical reaction, it is also the function of the reaction duration time. Although in some cases, thermal and dielectric properties may be assumed to be temperature-independent [78] , the knowledge of the function * (,) r T εω of a material is a necessary and key condition to implement the numerical simulation of interaction between microwave and the material. There is a lot of basic work that has been done for this area [66] reaction to determine the complex permittivity of the reactant, because it varies not only with temperature, but also with reaction duration time.
• Geometric model As far as the geometric model is concerned, one-dimensional (1D) [43] [85] model (e.g. the heated object is placed in a microwave oven) is more close to practical applications. Besides, Plaza-Gonzalez, et al, [86] studied the case of mode stirrers which are widely used by industrial applicators.
B. Numerical methods
Typically, four iterative steps are used to solve the coupling between the EM and thermal processes [87] Fig. 2) . From the point of view of solving the PDE, the EM field equations are more difficult to solve comparing with the heat transport equation, because the former in fact include two vector equations and the latter is a scalar equation. For this reason, we only discuss below the solving of the EM field equations. There are many numerical methods being used: the Finite Differential Time Domain (FDTD) method, the Finite Element Method (FEM), the Moment of Method (MoM), the Transmission Line Matrix (TLM) method, the Finite Integral Method (FIM) [96] and so on. In some 1D/2D cases, some analytical methods or semi-analytical methods can be applied.
• FDTD The FDTD method [97] [98] [99] is an application of the FD method for solving EM field equation. It is based on Yee grid as shown in Fig. 3 , which is proposed by Kane Yee in 1966 [100] . The main idea of the FDTD method is that the time-dependent Maxwell's equations (in partial differential form) are discretized using difference approximations to the space and time partial derivatives. It contains of three key elements: differential scheme, stability of solutions and absorbing boundary conditions. In FDTD method, the differential grid is first set up in space. And at the instant time nt Δ , ( ) ,, Fxyz can be written as (, , ) ( , , ) n F ijk= Fixjykz Δ ΔΔ . Using central difference, the space and time are discretized as follows, respectively ( )
,, ,, ,, 22
,, ,
Therefore, the two curl equations in Maxwell's equation (1) and (2) 
Moreover, in order to solve the contradiction between the computing space and the computer memory, the absorbing boundary conditions are introduced, such as PML, Mur and so on. Nowadays, the FDTD method is the most popular EM simulation method due to its simplicity. Most studies on numerical simulation of microwave heating were carried out by using FDTD method [83] [107] is a technique to solve the PDE numerically. According to the variational principle, the PDE is transformed to an equivalent variational. As a result, the solving of the PDE is transformed to the minimization of a certain functional as follows
where
is the PDE, L denotes the differential operator, f a known forcing function, u the unknown solution and I the functional to be minimized with respect to u .
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After variational formulation is deduced, the discretization needs to be performed to concrete formulae for a large but finite dimensional linear algebraic equation. One can expand the function u in a series of orthogonal basic functions { } 1, ,
and then, use the minimization condition
to concrete a n-dimensional linear algebraic equation with respect to the unknown coefficients (1 ,, ) i ci n = . As soon as (1 ,, ) i ci n = are solved, one can obtain u by substituting them into (25 [110] is an efficient numerical computational method for solving integral or differential equations for the analyses of electromagnetic characteristics of complex objects. Conceptually, it works by constructing a "mesh" over the modeled surface and so can be used to solve open boundary problems without needing to truncate the domain. The MoM solves EM problems mostly in frequency domain. For an EM problem, u in the operator function (24) represents the unknown function (e.g. the induced charge or current) and f the known excitation source (e.g. the incident field). 
or in matrix form, So we can get (1 ,, ) i ci n = by solving the n-dimensional linear algebraic equation (27) , and then get u by substituting (1 ,, ) i ci n = into (25) .
Usually, the weight functions are taken same as the basic functions. The basis functions (including local and global basis functions) are chosen to model the expected behavior of the unknown function throughout its domain. The MoM is also used to the numerical simulations of microwave heating [25] .
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• TLM The transmission-line matrix (TLM) method [111] [112] [113] is a time-domain, differential method for solving EM field problems using circuit equivalent. Based on the analogy between the wave propagation in space and the voltage and current propagation in a transmission line, it can be regarded as a discrete version of Huygens's continuous wave model. When using this method, the computational domain is modeled by a transmission line network organized in nodes of a grid (or mesh). The value of electric and magnetic fields at each node is related to the voltages and the currents at corresponding node of the mesh. Take a 2D case as an example. As can be seen in Fig. 4 , a voltage pulse of amplitude 1V is launched on the central node in the space modeled by a Cartesian rectangular mesh. This pulse is partially reflected and transmitted according to the transmission line theory. Assume that each line has a characteristic impedance Z, then the reflection coefficient and the transmission coefficient are given as follows Therefore, we can get values of reflected and transmitted voltage shown in Fig. 4 . Obviously, the energy conservation law is fulfilled by the model. And then, the reflected and transmitted voltages excite the neighboring nodes again. Fig. 5 shows the typical 3D structure of TLM model -Symmetrical Condensed Node. One can see [114] for the relative formulae and more details of TLM method. Some numerical simulations of microwave heating were studied by using the TLM method [115] [116] . When using the time domain methods such as the FDTD method, one has to consider the compatibility of the two time steps in the EM equation and the heat transport equation.
Because the variation speed of the EM field (e.g. time step is 10 -12 s) is much faster than the temperature field (e.g. time step is 1s). There are two techniques -the leapfrog scheme [51] and the time scaling factor method [24] which have been used to deal with this difficulty.
Conclusions
Remarkable progress has been achieved in recent years in the numerical simulation of microwave heating, which range from numerical modeling and computing to many applications in processing kinds of materials. We believe that the development will continue based on more refined models, faster numerical methods and more complete description of the complex permittivity of more materials. With the helping of the numerical simulation, the complex process of interaction between microwave and materials will be further understood, the critical parameters influencing the process will be identified, and a rapid design of optimized and controllable applicators will be provided.
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